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Abstract
This paper provides a comprehensive downlink analysis of non-orthogonal multiple access (NOMA)
enabled cellular networks using tools from stochastic geometry. As a part of this analysis, we develop
a novel 3GPP-inspired user ranking technique to construct a user cluster for the non-orthogonal trans-
mission by grouping users from the cell center (CC) and cell edge (CE) regions. This technique allows
to partition the users with distinct link qualities, which is imperative for the NOMA performance. Our
analysis is focused on the performance of a user cluster in the typical cell, which is significantly different
from the standard stochastic geometry-based approach of analyzing the performance of the typical user.
For this setting, we first derive the moments of the meta distributions for the CC and CE users under
NOMA and orthogonal multiple access (OMA). Using this, we then derive the distributions of the
transmission rates and mean packet delays under non-real time (NRT) and real-time (RT) service models,
respectively, for both CC and CE users. Finally, we study two resource allocation (RA) techniques with
the objective of maximizing the cell sum rate (CSR) under NRT service, and the sum effective capacity
(SEC) under RT service. In addition to providing several useful design insights, our results demonstrate
that NOMA provides improved rate region and higher CSR as compared to OMA. In addition, we also
show that NOMA provides better SEC as compared to OMA for the higher user density.
Index Terms
Non-orthogonal multiple access, user ranking, meta distribution, transmission rate, packet delay,
cell sum rate, effective capacity, Poisson point process.
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2I. INTRODUCTION
Owing to its superior spectral efficiency, NOMA has emerged as a promising candidate
for the future wireless cellular networks. Unlike traditional OMA, NOMA enables the BSs to
concurrently serve multiple users using the same resource block (RB); see [2] and the references
therein. In NOMA, the BS superimposes multiple layers of messages at different power levels and
the user decodes its intended message using successive interference cancellation (SIC) technique.
In particular, each user first decodes and cancels interference power from the layers assigned to
the users with weaker channels successively using SIC and then decodes its own message. While
the OMA ends up allocating most of the resources to the users with poor channel conditions in
order to provide a certain level of quality of service (QoS), NOMA allows the BS to concurrently
serve these weaker users by grouping them with the ones having better channel conditions so
that the weaker users meet their QoS requirements without adversely affecting the performance
of the stronger users. This naturally results in a higher cell ergodic capacity and a lower rate
outage in case of NOMA [3].
A. Prior Art
The set of users scheduled for the non-orthogonal transmission in NOMA is often termed as
the user cluster. In order to form a user cluster, one needs to first rank users based on their
channel gains (both large-scale path losses and small-scale fading effects) and perceived inter-cell
interference, and then place users with distinct link qualities in the same cluster [4]. However,
since the prior works on NOMA are mostly focused on the single cell NOMA analysis, the users
are ranked solely based on their distances from the BS [5], [6] or based on their link qualities [3],
[7]–[9]. While such user ranking is meaningful in the context of single cell analysis, it ignores the
impact of the inter cell interference which is crucial for accurate performance analysis of NOMA
[10]. While stochastic geometry has emerged as a powerful tool to perform multi-cell analysis
of cellular networks over the past decade [11]–[13], incorporating sophisticated user ranking
based jointly on the link qualities and inter-cell interference is challenging. This is because of
the correlation in the corresponding desired and inter-cell interference powers received by the
users within the same cell. Therefore, most of the existing works in this direction ignore these
correlations and instead rank the users in the order of their mean desired signal powers (i.e.,
link distances) so that the i-th closest user becomes the i-th strongest user. Within this general
3direction, the authors of [14]–[18] analyzed N-ranked NOMA in cellular networks assuming
that the BSs follow a PPP. In [18], the uplink success probability is derived assuming that the
users follow a Poisson cluster process (PCP). In [14], the downlink success probability is derived
while forming the user cluster within the indisk of the Poission-Voronoi (PV) cell. However,
this may underestimate the NOMA performance gains because users within the indisk of a PV
cell will usually experience similar channel conditions and hence lack channel gain imbalance
that results in the NOMA gains (see [4]). The moments of the meta distribution of the signal-
to-interference ratio (SIR) [19] are derived for the downlink in [15], [16] and uplink in [16] by
ranking the users based on their link distances. However, [16] ignores the joint decoding of the
subset of layers associated with SIC. Nonetheless, considering the aforementioned distance-based
user ranking technique, [15]–[18] derive the ordered distance distributions of the clustered users
while assuming that their link distances follow the distance distribution of the typical link (in the
network) independently of each other. As implied above already, this ignores the fact that the user
location in a PV cell is a function of the BS point process. A key unintended consequence of this
approach is that it does not necessarily confine the user cluster in a PV cell, which is a significant
approximation of the underlying setup (see Fig. 1, Middle and Left). The spectral efficiency
of the K-tier heterogeneous cellular networks is analyzed in [20] wherein the small cells serve
their users using two-user NOMA with distance-based ranking. On similar lines, [21] derives the
outage probability for two-user downlink NOMA cellular networks, modeled as a PPP, by ranking
the users based on the channel gains normalized by their received inter-cell interference powers.
The normalized gains are assumed to be independent and identically distributed (i.i.d.). However,
this ignores the fact that the link distances or the inter-cell interference powers associated with
the users within the PV cell are correlated as discussed above.
A more reasonable way of accurately ranking the users is to form a user cluster by selecting
users from distinct regions of the PV cell. One way of constructing these regions is based on the
ratio of mean powers (i.e., path-losses) received from the serving and dominant interfering BSs.
In particular, a PV cell can be divided into the cell center (CC) region, wherein the ratio is above
a threshold τ , and the cell edge (CE) region, wherein the ratio is below τ . A similar approach
of classifying users as CC and CE is also used in 3GPP studies to analyze the performance of
schemes such as soft frequency reuse (SFR) [22]. Inspired by this, we characterize the CC and
CE users based on their path-losses from the serving and dominant interfering BSs to pair them
4for the two-user NOMA system. While the proposed approach can be directly extended to the
N-user NOMA using N−1 region partitioning thresholds, we focus on the two-user NOMA for
the ease of exposition. The proposed user pairing technique helps to construct the user cluster
with distinct link qualities (which is essential for the NOMA performance [4]) because of two
key reasons: 1) the order statistic of received powers at different users in the cell is dominated
by the path-losses to those users [23], and 2) the dominant interfering BS contributes most of
the interference power in the PPP setting [24].
Besides user ranking, RA is an integral part of the NOMA design. On these lines, the prior
works have investigated RA for the downlink NOMA system using a variety of performance
metrics, such as user fairness [8], [9], [25] and weighted sum rate maximization [9], [26],
[27]. Further, in order to ensure certain level of QoS for downlink users, the RA problems
for maximizing the sum rate [9], [14], [28] or the energy efficiency [9], [29], [30] subject
to a minimum transmission rate constraint have also been investigated. In addition, [31] has
demonstrated that the achievable sum rate in NOMA is always higher than that of the OMA under
minimum transmission rate constraints when both techniques employ the optimal RA. While
these formulations are meaningful for the full buffer NTR services, such as file downloading, they
are not quite suitable for delay-sensitive applications with RT traffic, such as video streaming
and augmented reality, which are becoming even more important in the context of emerging
5G networks. For such applications, it is important to consider RA formulations that explicit
consider delay constraints. In this context, the effective capacity, defined in [32] as the maximum
achievable arrival rate that satisfy a delay QoS constraint, is analyzed for NOMA in [33]–[35]
for the downlink case and in [36], [37] for the uplink case. However, in general, the existing
works on the delay analysis of NOMA are relatively sparse. Besides, the aforementioned works
on RA with the focuse on sum rate [8], [9], [25], [28]–[31] and effective capacity [33]–[37] are
limited to the single cell and hence do not capture the impact of inter-cell interference.
B. Contributions
The primary objective of this paper is to characterize the downlink performance of the CC
and CE users in a NOMA-enabled cellular network under the 3GPP-inspired user ranking
technique described above. From the stochastic geometry perspective, our approach focuses on
the performance of the typical cell, which departs significantly from the standard approach of
5analyzing the performance of the typical user in a cellular network that is selected independently
of the BS locations. It is well-known that this typical user falls in the Crofton cell because of
which it may not represent the performance of the users in the typical cell. Hence, we focus
on the performance analysis of the typical CC and CE users contained in the typical cell of the
network. For this setting, we analyze the link performance of the CC and CE users and also
investigate the RA techniques for RT and NRT services. Key contributions of our analysis are
briefly summarized below.
1) This paper presents a novel 3GPP-inspired user pairing technique for NOMA to accurately
select the CC and CE users with distinct link qualities for the non-orthogonal transmission.
2) The moments of the meta distributions for the CC and CE users belonging to the typical
cell are derived for both NOMA and OMA systems. In addition, we also provide tight beta
distribution approximations of the meta distributions.
3) Next, we derive the distributions of the transmission rates of the CC and CE users along
with the CSR under NRT services. In addition, the upper bounds on the distributions of the
mean transmission delays of the CC and CE users along with the lower bound on the SEC
under RT services are derived.
4) As the intermediate results of rate and delay analysis, the exact expressions of the moments
and approximate distributions of the areas of the CC and CE regions are derived.
5) Finally, we consider two optimization problems for the RA under NRT and RT services,
respectively, 1) CSR maximization subject to a minimum transmission rate constraints, and
2) SEC maximization subject to a minimum packet arrival rate constraints.
6) Our results demonstrate that, in general, NOMA provides improved rate region and higher
CSR as compared to OMA. On the contrary, we show that the NOMA provides improved
SEC as compared to OMA only for the higher user density.
II. SYSTEM MODEL
A. Network Modeling
We model the locations of BSs using the homogeneous PPP Φ with density λ. Assuming the
strongest mean power based BS association policy, the coverage region of the BS at x ∈ Φ
6becomes the PV cell Vx which is given by
Vx = {y ∈ R
2 : ‖y − x‖ ≤ ‖y − x′‖, ∀x′ ∈ Φ}.
Let Vxc and Vxe be the CC and CE regions, respectively, of the PV cell Vx corresponding to the
BS at x ∈ Φ, which are defined as follows:
Vxc = {y ∈ Vx : ‖y−x‖ ≤ min
x′∈Φx
τ‖y−x′‖} and Vxe = {y ∈ Vx : ‖y−x‖ > min
x′∈Φx
τ‖y−x′‖},
(1)
where Φx = Φ \ {x} and τ ∈ (0, 1) is the boundary threshold. Fig. 1 (left) depicts the CC and
CE regions for τ = 0.7. Now, similar to [38], extending the application of the Type I user point
process [39], we define the point processes of the locations of the CC and CE users as
Ψcc = {U(Vxc;Nxc) : x ∈ Φ} and Ψce = {U(Vxe;Nxe) : x ∈ Φ}, (2)
respectively, where U(A;N) denotes N points chosen independently and uniformly at random
from the set A. Here, Nxc and Nxe are the number of CC users in Voc and CE users in Voe,
respectively, which are assumed to follow the zero-truncated Poisson distribution with density
ν units per meter2. We refer to Nxc and Nxe as the CC and CE loads of the BS at x. Since by
the Slivnyak's theorem, conditioning on a point is the same as adding a point to the PPP, we
consider that the nucleus of the typical cell of the point process Φ∪ {o} is located at the origin
o. Thus, the typical cell become Vo = {y ∈ R
2 | ‖y − x‖ > ‖y‖ ∀x ∈ Φ}. Using the above
construction, the locations the typical CC user and the typical CE user of Ψcc and Ψce can be
modeled using the uniformly distributed points in Voc and Voe, respectively. Thus, Φ becomes
the point process of the interfering BSs as seen by the typical CC and CE users.
Let Ro = ‖y‖ be the service link distance, i.e., the distance between the user at y ∈ Vo
and its serving BS at o. Let Rd = ‖xd − y‖ be the distance from the user at y ∈ Vo to its
dominant interfering BS at xd ∈ Φ where xd = arg maxx∈Φ ‖x − y‖
−α and α is the path-loss
exponent. Therefore, the definitions given in (1) and (2) implicitly classify the CC and CE users
based on their distances (i.e., path-losses) from their serving and dominant interfering BSs such
that the CC user at y ∈ Voc has Ro ≤ τRd and the CE user at y ∈ Voe has Ro > τRd. Fig.
1 (Left) illustrates a typical realization of Ψcc and Ψce. From this figure, it is clear that (1)
accurately preserves the CC and CE regions wherein the SIR is expected to be higher and lower,
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Figure 1. Left: Simulation of Ψcc and Ψce for τ = 0.7, λ = 1, and ν = 20. Middle: an illustration of the user cluster from
[15]–[17] for N = 6 (and of the fact that it is not necessarily confined in the PV cell). Right: the distributions of the ordered
link distances modeled in [15]–[17] for N = 6 and λ = 1. The dot, cross, plus, and star markers correspond to BSs, CC users,
CE users, and user cluster, respectively. The green and white colors in the left figure represent the CC and CE regions.
respectively. As a comparison, Fig. 1 (Middle) illustrates a realization of a user cluster that results
from the distance-based ranking scheme of [15]–[17]. As is clearly evident from the figure, the
user cluster is not confined to the PV cell, which is an unintended consequence of ignoring
correlation in the user locations. This can also be verified by comparing the distributions of the
ordered distances used in [15]–[17] with those obtained from the simulations. This comparison
is given in Fig. 1 (Right) wherein R˜n is the link distance of the n-th closest user from the BS.
It should be noted here that the aforementioned clusters are different from the geographical
clustering of users and BSs that has been recently modeled using PCPs, e.g., see [40], [41].
While the PCPs are useful in capturing the spatial coupling in the locations of the users and
BSs, they do not necessarily partition users in different groups based on their QoS as done in
the above scheme. Therefore, the proposed technique to form user clusters is applicable to more
general studies that may rely on user partitioning based on QoS, such as soft frequency reuse
[22]. With this background, we now discuss the downlink NOMA transmission for a randomly
selected pair of the CC and CE users in the typical cell in the following subsection.
B. Downlink NOMA Transmission based on the Proposed User Pairing
Each BS is assumed to transmit signal superimposed of two layers corresponding to the
messages for the CC and CE users forming a user cluster. Henceforth, the layers intended for
the CC and CE users are referred as the Lc and Le layers, respectively. The Lc and Le layers are
encoded at power levels of θP and (1−θ)P , respectively, where P is the transmission power per
RB and θ ∈ (0, 1). Without loss of generality, we assume P = 1 (since we ignore thermal noise).
8Usually, NOMA allocates more power to the weaker user so that it receives smaller intra-cell
interference power compared to the desired signal power. Thus, the CC user first decodes the
Le layer while treating the power assigned to the Lc layer as interference. After successfully
decoding the Le layer, the CC user cancels its signal using SIC from the received signal and
then decodes the Lc layer. The SIRs of the typical CC user for decoding the Lc and Le layers are
SIRe =
hxoR
−α
o (1− θ)
θhxoR
−α
o + IΦ
and SIRc =
hxoR
−α
o θ
IΦ
, (3)
respectively, where IΦ =
∑
x∈Φ θhx‖x‖
−α + (1− θ)hx‖x‖
−α and hx ∼ exp(1) are i.i.d. fading
channel gains. Besides, the CE user decodes Le layer while treating the power assigned to the
Lc layer as interference. Thus, the effective SIR of the typical CE user is also SIRe given in
(3). Note that we implicitly assumed a full-buffer system in (3), which is a common assumption
in the stochastic geometry literature and is quite reasonable for NRT services for which the
objective is to maximize the sum rate. We will further argue in Subsection II-D that this simple
setting also provides useful bounds on the delay-centric metrics.
C. Meta Distribution for the Downlink NOMA System
The success probabilities for the CC and CE users are defined as the probabilities that the
typical CC and CE users are able to decode their intended messages. While this allows to
determine the mean success probabilities of the typical CC and CE users, it does not provide
any information on the disparity in the link performance of the CC and CE users across the
network. For that purpose, the distribution of the conditional success probability (conditioned
on the locations of BS w.r.t. to the CC/CE user location) can be used. This distribution of the
conditional success probability is referred to as the meta distribution [19]. The meta distribution
for the CC/CE user can be used to answer questions like what percentage of the CC/CE users
can establish their links with the transmission reliability above a predefined threshold for a given
SIR threshold. Building on the definition of the meta distribution in [19], we define the meta
distributions for the CC and CE users under NOMA as below.
Definition 1. The meta distribution of the typical CC user’s success probability is defined as
F¯c(βc, βe; x) = P[pc(βc, βe | y,Φ) > x], (4)
9and the meta distribution of the typical CE user’s success probability is defined as
F¯e(βe; x) = P[pe(βe | y,Φ) > x], (5)
where x ∈ [0, 1], βc and βe are the SIR thresholds corresponding to the Lc and Le layers,
respectively. pc(βc, βe | y,Φ) = P[SIRc ≥ βc, SIRe ≥ βe | y,Φ] and pe(βe | y,Φ) = P[SIRe ≥
βe | y,Φ] are the success probabilities of the typical CC and CE users conditioned on their
locations at y and the point process Φ of the interfering BSs, respectively.
D. Traffic Modeling, Scheduling, and Performance Metrics
For the above setting, we will perform a comprehensive load-aware performance analysis of
the CC/CE users under NOMA system. For this, we consider random scheduling wherein each
BS randomly selects a pair of CC and CE users within its PV cell for the NOMA transmission
in a given time slot. For the NRT services, our objective is to maximize the sum-rate under
the NOMA scheme described above. Since the network is assumed to be static, the load-aware
transmission rate of CC/CE user at y depends on its scheduling probability and successful
transmission probability both conditioned on Φ. As already implied above, each CC/CE user
within a given cell is equally likely to be scheduled in each time slot and the conditional
successful transmissions are i.i.d. across the time slots. Thus, the transmission rates of the CC
and CE users located at y ∈ Vo, given Φ, respectively become
Rc(y,Φ) =
pc(βc, βe | y,Φ)
Noc
log2(1 + βc) and Re(y,Φ) =
pe(βc, βe | y,Φ)
Noe
log2(1 + βe). (6)
The characterization of success probability of the typical CC/CE user under the full-buffer system
is also useful in obtaining an upper bound on its delay performance for more general traffic
patterns. This can subsequently be used to derive lower bounds on the SEC for the given RT
service. Since the exact delay analysis for the cellular networks is known to be challenging
because of the coupled queues at different BSs, their performance is often studied by employing
meaningful modifications to the system [42]; see [43]–[45] for a small subset of relevant works.
Most of the times, these modifications end up decoupling the queues by assuming that there
are always packets being transmitted on the interfering links, which is consistent with what we
assumed from the very beginning. Since this effectively underestimates the success probability, it
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provides an upper bound on the packet transmission delay. In the same spirit, this paper presents
an upper bound on the distribution of the conditional mean delay of the typical link, which is
especially accurate for the higher load scenarios. While one can of course determine the mean
delay of the typical link by adopting more sophisticated analyses, such as the mean cell approach
[46], the contributions of this paper revolve around a new user ranking scheme and the typical
cell approach because of which these other approaches are out of the scope of the current paper.
Now, in order to perform the delay analysis in the typical cell, we assume that the typical CC/CE
user has a dedicated queue of infinite length at its serving BS whose arrival process follows the
Bernoulli distribution with mean of ̺c/̺e packets per slot and its the packet size is equal to
TB log2(1+ βc)/TB log(1 + βe) bits, where T is the slot duration and B is the channel bandwidth.
Thus, for this NOMA setup, the successful packet transmission rates, in packets per slot, of the
typical CC and CE at y ∈ Voc given Φ are, respectively,
µc(y,Φ) =
pc(βc, βe | y,Φ)
Noc
and µe(y,Φ) =
pe(βe | y,Φ)
Noe
. (7)
Besides, we also analyze the load-aware performances of the CC and CE users under above
discussed services for the OMA system, wherein we consider that each BS schedules one of
its associated CC (CE) users that is chosen uniformly at random in a given time slot if r ≤ η
(r > η) where r ∼ U([0, 1]). The parameter η allows to control the frequency of scheduling
of the CC and CE users in order to meet their QoS requirements. The CC/CE load of the
typical cell, and hence the scheduling probability of typical CC/CE user, depend on Φ (see
(2)). Thus, from (6)-(7), it is quite evident that the exact load aware analysis requires the joint
statistical characterization of the success probability and scheduling probability. However, such
joint characterization is challenging as the distribution (even the moments) of the area of the PV
cell Vo conditioned on the location of the user at y ∈ Vo is difficult to obtain. Hence, similar to
[38], [45], we adopt the following reasonable assumption in our analysis.
Assumption 1. We assume that the CC/CE load (or, the scheduling probability) and the suc-
cessful transmission probability observed by the typical CC/CE user are independent.
The numerical results presented in Section VI will demonstrate the accuracy of this assumption
for the analysis of the metrics discussed above. Now, we analyze the meta distributions for the
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CC and CE users in the following section.
III. META DISTRIBUTION ANALYSIS FOR THE CC AND CE USERS
The main goal of this section is to present the downlink meta distribution analysis for NOMA
system. As stated already in Section I-B, we characterize the performance of the typical cell and
our approach departs significantly from the standard stochastic geometry approach of analyzing
the performance of a typical user. The key intermediate step in the meta distribution analysis
of the typical user in the typical cell is the joint characterization of the service link distance
Ro = ‖y‖, where y ∼ U(Vo), and the point process Φ of the interfering BSs. Hence, to enable
the analysis of the meta distributions of the CC and CE users in the typical cell, we require
the joint characterizations of Ro and Φ under the conditions of Ro ≤ Rdτ and Ro > Rdτ . For
this, we first determine the marginal and joint probability density functions (pdfs) of Ro and
Rd for the CC and CE users. However, given the complexity of the analysis of r.v. Ro [47],
it is reasonable to assume that the exact joint characterization of Ro and Rd is equally, if not
more, challenging. In fact, the marginal distribution of Ro is generally approximated using the
contact distribution with a correction factor (c.f.) in order to maintain tractability [39], [48].
Thus, similar to this, we approximate the joint pdf of Ro and Rd using the joint pdf of the
distances to the two nearest points in PPP as
fRo,Rd(ro, rd) = (2πρλ)
2rord exp(−πρλr
2
d), (8)
for rd ≥ ro ≥ 0 where ρ =
9
7
is the c.f.
Lemma 1. The probabilities that a user uniformly distributed in the typical cell is the CC user
and the CE user are equal to τ 2 and 1− τ 2, respectively. The cumulative density function (CDF)
of Ro and the CDF of Rd conditioned on Ro for the CC user are given by
F cRo(ro) = 1− exp
(
−πρλr2o/τ
2
)
(9)
and F cRd|Ro (rd | ro) = 1− exp
(
−πρλ
(
r2d − r
2
o/τ
2
))
(10)
for ro > 0 and rd >
ro
τ
, respectively. The joint pdf of Ro and Rd for the CC user is given by
f cRo,Rd(ro, rd) =
(2πρλ)2
τ 2
rord exp
(
−πρλr2d
)
for rd >
ro
τ
and ro > 0. (11)
12
The CDF of Ro and the CDF of Rd conditioned on Ro for the CE user are respectively given by
F eRo(ro) = 1−
exp (−πρλr2o)
1− τ 2
[
1− τ 2 exp
(
−πρλr2o(τ
−2 − 1)
)]
for ro > 0, (12)
and F eRd|Ro (rd | ro) =


1−exp(−πρλ(r2
d
−r2o))
1−exp(−πρλr2o(τ
−2−1))
for ro
τ
> rd ≥ ro,
1 for rd ≥
ro
τ
.
(13)
The joint pdf of Ro and Rd for the CE user is given by
f eRo,Rd(ro, rd) =
(2πρλ)2
1− τ 2
rord exp
(
−πρλr2d
)
for
ro
τ
≥ rd > ro and ro > 0. (14)
Proof. Please refer to Appendix A.
A. Meta Distribution for CC and CE users
As the CC users need to jointly decode both the Lc and Le layers, the successful transmission
event for the CC user is give by
Ec = {SIRc > βc} ∩ {SIRe > βe} = {hxo > R
α
o IΦχc} , (15)
where χc = max
{
βc
θ
, βe
1−θ(1+βe)
}
. On the other hand, the CE user decodes its message while
treating the signal intended for the CC user as the interference power. Thus, the successful
transmission event for the CE user is given by
Ee = {SIRe > βe} = {hxo > R
α
o IΦχe} , (16)
where χe =
βe
1−θ(1+βe)
. It is easy to interpret that the interference due to the non-orthogonal
transmission reduces the effective transmission power for decoding the Le layer which decreases
the chance of successful transmission. Since it is difficult to directly derive the meta distribution
[19], we first derive the moments of the meta distribution in the following theorem and then use
them to approximate the meta distribution.
Theorem 1. The b-th moments of the meta distributions of conditional success probability for
the typical CC and CE users under NOMA respectively are
M cb (χc) =
ρ2
τ 2
τ2∫
0
(ρ+ vZb (χc, v))
−2
(1 + χcv
1
δ )b
dv and M eb (χe) =
ρ2
1− τ 2
1∫
τ2
(ρ+ vZb (χe, v))
−2
(1 + χev
1
δ )b
dv, (17)
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where δ = 2
α
, and Zb(χ, a) = χ
δ
∫∞
χ−δa−1
[
1− (1 + t−
1
δ )−b
]
dt.
Proof. Please refer to Appendix B.
In OMA, each BS serves its associated users using orthogonal RBs which means that there is
no intra-cell interference. Thus, OMA provides the better success probabilities for the CC and
CE users compared to NOMA. However, the orthogonal RB allocation reduces the transmission
instances for the CC and CE users which degrades their transmission rates. The successful
transmission events for the CC and CE user under OMA respectively are
E˜c = {hxo > R
α
o βcIΦ} and E˜e = {hxo > R
α
oβeIΦ}. (18)
The following corollary presents the b-th moments of the meta distributions for OMA case.
Corollary 1. The b-th moments of the meta distributions of conditional success probability for
the typical CC and CE users under OMA respectively are
M˜ cb (βc) =
ρ2
τ 2
τ2∫
0
(ρ+ vZb (βc, v))
−2
(1 + βcv
1
δ )b
dv and M˜ eb (βe) =
ρ2
1− τ 2
1∫
τ2
(ρ+ vZb (βe, v))
−2
(1 + χev
1
δ )b
dv, (19)
where δ = 2
α
, and Zb(β, a) = β
δ
∫∞
β−δa−1
[
1− (1 + t−
1
δ )−b
]
dt.
Proof. Using the definitions in (18) and following the steps in Appendix B, we obtain (19).
Fig. 2 verifies that the means and variances of the meta distributions of the CC and CE users
under NOMA (Left) and OMA (Middle) derived in Theorem 1 and Corollary 1, respectively,
closely match with the simulation results. The moments for the CE user monotonically decrease
with θ as the interference from the Lc layer increases with θ. However, the performance trend
of the moments for the CC user w.r.t. θ is different. This is because θ has opposite effects on
the ability of decoding the Lc and Le layers at the CC user. While increasing θ makes it difficult
to decode Le layer, it also makes it easier to decode Lc layer. As a result, the impact of Lc layer
decoding is dominant for θ ≤ θˆ (= 0.5 for (βc, βe) = (0,−3) (in dB)) and the impact of Le
layer decoding is dominant for θ > θˆ where θˆ will be defined in Section V.
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B. Meta Distribution and its Approximation
UsingM cb andM
e
b derived in Theorem 1 and the Gil-Pelaez’s inversion theorem [49], the exact
meta distributions for the typical CC and CE users under NOMA can be obtained. However,
the evaluation of meta distributions using the Gil-Pelaez inversion is computationally complex.
Thus, similar to [19], by matching the moments, we approximate the meta distributions of the
CC and CE users with the beta distributions as
F¯c(χc; x) ≈ 1− I(x; κ1c, κ2c) and F¯e(χe; x) ≈ 1− I(x; κ1e, κ2e), (20)
respectively, where I(x; a, b) is the regularized incomplete beta function and κ1s =
Ms
1
κss
2
1−Ms
1
and
κ2s =
(Ms
1
−Ms
2
)(1−Ms
1
)
Ms
2
−(Ms
1
)2
such that s = {c, e}. Similarly, the beta approximations for the meta
distributions under OMA can be obtained using the moments given in Corollary 1. We denote
the parameters of the beta approximations of the CC (CE) users under OMA by κ˜1c and κ˜1c (κ˜1e
and κ˜1e). Fig. 2 (Right) shows that the beta distribution closely approximate the meta distributions
of the CC and CE users for both NOMA and OMA. The proposed beta approximations can be
used for the system-level analysis without having to perform the computationally complex Gil-
Pelaez inversion. We also observe that the percentage of the CE users meeting the link reliability
threshold (i.e., the conditional success probability threshold) drops with increasing θ whereas
the percentage of CC users meeting the link reliability threshold increases with θ, as expected.
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IV. THROUGHPUT AND DELAY ANALYSIS FOR THE CC AND CE USERS
In this section, we characterize the conditional transmission rate (given in (6)) and the condi-
tional mean delay (given in (7)) of the CC/CE users under NRT and RT services, respectively,
for both NOMA and OMA systems. For this, we first derive the distributions of the CC and CE
loads in the following subsection.
A. Distributions of the CC and CE Loads
The CC and CE loads of the typical cell Vo, i.e., Noc and Noc, depend on the areas of CC and
CE regions, i.e., |Voc| and |Voe|. We first drive the exact first two moments of these areas in the
following lemma as it is difficult to directly derive the area distributions of such random sets.
Lemma 2. For a given τ , the mean areas of the CC and CE regions are, respectively,
E[|Voc|] = τ
2λ−1 and E[|Voe|] = (1− τ
2)λ−1, (21)
and second moments of the areas of the CC and CE regions are, respectively,
E[|Voc|
2] = 4pi
∫ pi
0
∫ ∞
0
∫ ∞
0
exp (−λU3) r1dr1r2dr2du and E[|Voe|
2] = 4pi
∫ pi
0
∫ ∞
0
F(r2, u)r2dr2du, (22)
where F(r2, u) =
∫
D(r2,u)
(exp(−λU1)1r1≤r2 + exp(−λU2)1r2<r1) r1dr1 +
∫
R\D(r2,u)
([exp(−λUo)
− exp(−λ(U1 + U2 − U3)] + [exp(−λ(U2 − U3)− 1][exp(−λU1)− exp(−λU3)])r1dr1,
D(r2, u) = {r1 ∈ R : d ≤ τ
−1|r1 − r2|}, d = (r
2
1 + r
2
2 − 2r1r2 cos(u))
1
2 ,
Uo = U(r1, r2, uo), U3 = U(r1τ
−1, r2τ
−1, u3), U1 = U(r1τ
−1, r2, u1) if r1τ
−1 < d+r2 otherwise U1 = pir
2
1τ
−2,
U2 = U(r1, r2τ
−1, u2) if r2τ
−1 < d+ r1 otherwise U2 = pir
2
2τ
−2,
uo = u, u1 = arccos
(
(τ−1 − τ) r12r2 + τ cos(u)
)
, u2 = arccos
(
(τ−1 − τ) r22r1 + τ cos(u)
)
,
u3 = arccos
(
(1− τ2)
r
2
1
+r2
2
2r1r2
+ τ2 cos(u)
)
,
U(r1, r2, u) = r
2
1
(
pi − w(r1, r2, u) +
sin(2w(r1,r2,u))
2
)
+ r22
(
pi − w(r2, r1, u) +
sin(2w(r2,r1,u))
2
)
,
and w(r1, r2, u) = arccos
(
d−1(r1 − r2 cos(u))
)
.
Proof. Please refer to Appendix C.
Now, using the moments derived in Lemma 2, we approximate the distributions of the CC and
CE areas. Since the area of the PV cell is empirically shown to follow gamma distribution [50],
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Figure 3. Gamma approximation of the area distributions of the CC and CE regions. The solid and dashed curves correspond
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it is the natural first choice for the approximations of the distributions of the CC and CE areas
as the sum of two independent gamma distributed random variables is also gamma distributed
and the correlation between the CC and CE areas is not too high. Thus, pdfs of the CC and CE
areas are, respectively, approximated as
f|Voc|(a) =
γγ2c1c
Γ(γ2c)
aγ2c−1 exp(−γ1ca) and f|Voe|(a) =
γγ2e1e
Γ(γ2e)
aγ2e−1 exp(−γ1ea), (23)
where γ2c = γ1cE[|Voc|], γ1c =
E[|Voc|]
E[|Voc|2]−E[|Voc|]2
, γ2e = γ1eE[|Voe|], and γ1e =
E[|Voe|]
E[|Voe|2]−E[|Voe|]2
. Fig.
3 provides the visual verification of the gamma approximations given in (23) for τ ∈ {0.5, 0.7}.
Using (23), the distributions of the CC and CE loads are obtained in the following lemma.
Lemma 3. The probability mass function (pmf) of the number of CC users, i.e., Noc, is
P[Noc = n] =
νnγγ2c1c
n!Γ(γ2c)
∫ ∞
0
an+γ2c−1
exp(−(ν + γ1c)a)
1− exp(−νa)
da (24)
where γ1c and γ2c are given in (23). The pmf of the number of CE, i.e., Noe, is
P[Noe = n] =
νnγγ2e1e
n!Γ(γ2e)
∫ ∞
0
an+γ2e−1
exp(−(ν + γ1e)a)
1− exp(−νa)
da (25)
where γ1e and γ2e are given in (23).
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Proof. For given |Voc|, Noc follows zero-truncated Poisson with mean ν|Voc|. Thus, we have
P[Noc = n] = E|Voc| [P [Noc = n | |Voc|]] for n > 0.
Thus, the pmf of Noc given in (24) follows using the pdf of |Voc| given in (23). Similarly, the
pmf of Noe given in (25) follows using the pdf of |Voe| given in (23).
B. Transmission Rates of the CC and CE Users
In this subsection, we derive the distributions of the conditional transmission rates of the CC
and CE users under random scheduling which are, respectively, defined as
Rc(rc;χc) = P[Rc(y,Φ) ≤ rc] and Re(re;χe) = P[Re(y,Φ) ≤ re], (26)
where Rc(y,Φ) and Re(y,Φ) are given in (6). Therefore, using Assumption 1 along with the
meta distributions (given in Section III-B) and the pmf of the cell load (given in Section IV-A),
we derive the means and distributions of the conditional transmission rates of the CC and CE
users in the following theorem.
Theorem 2. The mean transmission rates of the typical CC and CE users under NOMA are
R¯c(χc) = ξc log2 (1 + βc)M
c
1(χc, 1) and R¯e(χe) = ξe log2 (1 + βe)M
e
1 (χe, 1), (27)
respectively, where M c1(χc, 1) and M
e
1 (χe, 1) are given in (17), s ∈ {c, e}, ξs =
∑∞
n=1
1
n
P[Nos =
n], and P[Nos = n] is given in Lemma 3. The CDF of the conditional transmission rates of the
typical CC and CE users under NOMA are, respectively,
Rc(rc;χc) = ENoc
[
I
(
min
(
rcNoc log2(1 + βc)
−1, 1
)
; κ1c, κ2c
)]
, (28)
and Re(re;χe) = ENoe
[
I
(
min
(
reNoe log2(1 + βe)
−1, 1
)
; κ1e, κ2e
)]
, (29)
where s ∈ {c, e}, κ1s and κ2s are given in (20), and P[Nos = n] is given in Lemma 3.
Proof. Please refer to Appendix D.
For OMA, we consider that each BS serves its associated CC and CE users respectively
for η and 1 − η fractions of time in order to control the cell throughput and maintain certain
level of QoS. Note that for η = |Voc|
|Vo|
and higher ν
λ
, the above OMA scheduling scheme will be
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almost equivalent to the random scheduling wherein the typical BS randomly schedules one of
its associated users in a given time slot.
Corollary 2. The mean transmission rates of the typical CC and CE users under OMA are
R˜c(βc) = ηξc log2 (1 + βc) M˜
c
1(βc, 1) and R˜e(βe) = (1− η)ξe log2 (1 + βe) M˜
e
1 (βe, 1), (30)
respectively, where M˜ c1(χc, 1) and M˜
e
1 (χe, 1) are given in (19) and, s ∈ {c, e}, ξs =
∑∞
n=1
1
n
P[Nos =
n], and P[Nos = n] is given in Lemma 3. The CDF of the conditional transmission rates of the
typical CC and CE users under OMA respectively are
R˜c(rc; βc) = ENoc
[
I
(
min
(
rcη
−1Noc log2(1 + βˆc)
−1, 1
)
; κ˜1c, κ˜2c
)]
, (31)
and R˜e(re; βe) = ENoe
[
I
(
min
(
re(1− η)
−1Noe log2(1 + βe)
−1, 1
)
; κ˜1e, κ˜2e
)]
, (32)
where s ∈ {c, e}, κ˜1s and κ˜2s are given in Section III-B, and P[Nos = n] is given in Lemma 3.
C. Delay Analysis of the CC and CE Users
This subsection analyzes the delay performance of the typical CC/CE user for the given RT
service under the NOMA setup described in Section II. As discussed in Section II, we assumed
saturated queues at the interfering BSs because of which the meta distributions derived in Section
III-A can be directly used to analyze the upper bound of the delay performance of the typical
CC and CE user. That said, the conditional packet transmission rate of the typical CC/CE user
is the product of its scheduling probability and success probability as stated in (7) for given y
and Φ. Since, given y and Φ, the successful transmissions are independent across the different
time slots and the users are scheduled randomly with equal probability, the service times of
packets of the typical CC/CE user at y given Φ are i.i.d. and follow geometric distribution with
parameter µc(y,Φ)/µe(y,Φ). Besides, the packet arrives in each time slot as per the Bernoulli
process with mean ̺c/̺e. Thus, the queue of the typical CC/CE user can be modeled as the
Geo/Geo/1 queue. Given y and Φ, the mean delays of the typical CC and CE users are [51]
Dc(y,Φ) =
1− ̺c
µc(y,Φ)− ̺c
1µc(y,Φ)>̺c and De(y,Φ) =
1− ̺e
µe(y,Φ)− ̺e
1µe(y,Φ)>̺e , (33)
respectively. Let tc and te are mean delay thresholds of the CC and CE users, respectively.
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Theorem 3. The complementary CDF (CCDF) of the conditional mean delays of the typical CC
and CE users under NOMA with random scheduling are upper bounded respectively by
Dc(tc;χc) = ENoc
[
I
(
min
(
Noc
(
1− ̺c
tc
+ ̺c
)
, 1
)
; κ1c, κ2c
)]
(34)
and De(te;χe) = ENoe
[
I
(
min
(
Noe
(
1− ̺e
te
+ ̺e
)
, 1
)
; κ1e, κ2e
)]
, (35)
where s ∈ {c, e} κ1s and κ2s are given in (20), and P[Noc = n] is given by Lemma 3.
Proof. Using Assumption 1 along with (7) and (33), the CDF of Dc(y,Φ) becomes
P[Dc(y,Φ) < tc] = P
[
µc(y,Φ) >
1− ̺c
tc
+ ̺c, µc(y,Φ) > ̺c
]
= ENoc
[
P
(
pc(βc, βe | y,Φ) > Noc
(
1− ̺c
tc
+ ̺c
)
| Noc
)]
Now, using the beta approximation of the meta distribution for the system model discussed in
Section II-D, we obtain the upper bound of the CCDF of Dc(y,Φ) as Dc(tc;χc) given in (34).
Similarly, we obtain the upper bound of the CCDF of De(y,Φ) as in (35).
For OMA, the mean delay of the typical CC and CE users at y conditioned on Φ becomes
µ˜c(βc | y,Φ) =
ηE
[
1E˜c
(SIRcc) | y,Φ
]
Noc
and µ˜e(χe | y,Φ) =
(1− η)E
[
1E˜e
(SIRce) | y,Φ
]
Noe
,
The following corollary presents the upper bounds of the outages of conditional mean delays
for the OMA case.
Corollary 3. The CCDF of the mean delays of the typical CC and CE users under OMA with
random scheduling are upper bounded respectively by
D˜c(tc;χc) = ENoc
[
I
(
min
(
η−1Noc
(
1− ̺c
tc
+ ̺c
)
, 1
)
; κ˜1c, κ˜2c
)]
(36)
and D˜e(te;χe) = ENoe
[
I
(
min
(
(1− η)−1Noe
(
1− ̺e
te
+ ̺e
)
, 1
)
; κ˜1e, κ˜2e
)]
, (37)
where s ∈ {c, e}, κ˜1s and κ˜2s are given in Section III-B, and P[Nos = n] is given in Lemma 3.
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V. OPTIMAL RESOURCE ALLOCATION
In this section, we focus on the RA for maximizing the network performance under both NRT
and RT services while meeting the QoS constraints of the CC and CE users. For the NOMA
and OMA systems, CSRs can be, respectively, given by
CSRNOMA = B log2(1 + βc)M
c
1(χc, 1) + B log2(1 + βe)M
e
1 (χe, 1), (38)
and CSROMA = ηB log2(1 + βc)M˜
c
1(χc, 1) + (1− η)B log2(1 + βe)M˜
e
1 (χe, 1). (39)
Using the upper bounds of the delay distributions given in Section IV-C, the lower bounds of
effective capacities of the RT services of the CC and CE users under NOMA and OMA become
ECs
NOMA
= {̺s ∈ R+ : Ds(ts, χs) = Os} and EC
s
OMA
= {̺s ∈ R+ : D˜s(ts, χs) = Os}, (40)
respectively, where s = {c, e}, and the Oc and Oe are the delay QoS outage thresholds for the
CC and CE users. Now, in the following, we formulate two RA problems with objectives to
maximize CSR under NRT services and the lower bound of SEC under RT services such that the
QoSs of the CC and CE users under these services are ensured.
1) P1- CSR maximization subject to the minimum mean transmission rates of CC and CE users
NOMA:
max
0<θ<1
CSRNOMA
s.t. R¯c(χc) ≥ Rc
R¯e(χe) ≥ Re,
OMA:
max
0<η<1
CSROMA
s.t. R˜c(χc) ≥ Rc
R˜e(χe) ≥ Re,
2) P2- SEC maximization
NOMA:
max
0<θ<1
ECc
NOMA
+ ECe
NOMA
s.t. ECc
NOMA
≥ ¯̺c
ECe
NOMA
≥ ¯̺e,
OMA:
max
0<η<1
ECc
OMA
+ ECe
OMA
s.t. ECc
OMA
≥ ¯̺c
ECe
OMA
≥ ¯̺e.
While rate QoS constraints are explicitly considered in first problem P1, the delay QoS constraints
are implicit in the formulation of the second problem P2. In particular, the effective capacity
constraints in P2 are considered to ensure the minimum packet arrival rate for the CE users as the
SEC maximization might result in the power/time allocation that maximizes only ECc
NOMA
/ECc
OMA
.
As the above optimization problems do not fall in the standard convex-optimization framework,
we provide an efficient method based on the insights obtained from the NOMA analysis to obtain
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the near optimal CSR. In order to maximize the CSR, it is natural to allocate the remaining power
to the CC user after achieving the minimum transmission rate of the CE user. Thus, we consider
to maximize the mean transmission rate of the CC user under the constraints of the minimum
transmission rates of the CC and CE users. One can easily see that θ ≤ θNC = (1 + βe)
−1 is the
necessary condition for SIRe ≥ βe. From (15), we note that the success probability of the CC
user increases with the decrease of χc and vice-versa. The success probability (thus, the mean
transmission rate) of the CC user is an increasing and decreasing function of θ for 0 < θ ≤ θˆ
and θˆ < θ ≤ θNC where
θˆ = argmin
0<θ≤θNC
χc =
{
θ :
βc
θ
=
βe
1− θ(1 + βe)
}
. (41)
From the above, we know that there are two solutions (if any exists), denoted by θlc and θuc, to
R¯c(χc) = Rc such that θlc ≤ θˆ and θuc ≥ θˆ. Further, we also know that the mean transmission rate
of the CE user is a monotonically decreasing function of θ. Let θe be the solution of R¯e(χe) = Re.
Therefore, from the above discussion, the optimal allocation becomes θ∗ = min{θe, θˆ} if θlc and
θe exist such that θe ≥ θlc. On the other hand, it is straightforward to choose the optimal solution
η∗ = ηe for OMA if ηc ≤ ηe where ηc and ηe are the solutions of R˜c(χc) = Rc and R˜e(χe) = Re,
respectively. This follows from the fact that CSEOMA and mean transmission rate of the CC user
are monotonically increasing functions of η and the mean transmission rate of the CE user is
a monotonically decreasing function of η. Note that there is no feasible solution if ηc > ηe.
Further, the optimal RA under the problem P2 can be obtained using similar arguments.
VI. NUMERICAL RESULTS AND DISCUSSION
In this section, we first verify the accuracy of analytical results by comparing them with the
simulation results obtained through Monte Carlo simulations of the setup described in Section
II. Next, we discuss the performance trends of the achievable CSR, and the transmission rates
and mean delays of the CC and CE users for various settings. Further, we also compare the
performances of these metrics for the NOMA and OMA systems. For this, we consider λ = 1,
ν = 5, α = 4, τ = 0.7, (βc, βe) = (3,−3) in dB, B = 1 Hz, (rc, re) = (0.1, 0.05), (̺c, ̺e) =
(0.05, 0.05), and (tc, te) = (20, 30), unless mentioned otherwise.
Fig. 4 depicts that the mean transmission rates of the CC and CE users closely match with
the simulation results for both the NOMA and OMA systems. The curves correspond to the
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Figure 4. CSR and mean transmission rates of CC and CE users under NOMA (Left) and OMA (Right). The solid and dashed
curves correspond to the analytical results and the markers correspond to the simulation results.
analytical results, whereas the markers correspond to the simulation results. The figure gives the
visual verifications of the trends of transmission rate functions discussed in Section V. It can
be seen that the CSR and the transmission rates are zero for θ > θNC ≈ 0.66 which verifies the
necessary condition for NOMA operation. In addition, we can see that the transmission rate of
the CE user monotonically decreases with θ ≤ θNC, whereas the transmission rate of the CC user
is a monotonically increasing and decreasing function of θ for 0 < θ ≤ θˆ and θˆ < θ ≤ θNC,
respectively, where θˆ = 0.5 (see (41)).
Fig. 5 verifies that the transmission rate outage probabilities and upper bounds of the mean
delay outage probabilities of the CC and CE users closely match with the simulation results. The
outage probabilities of CC and CE users follow exactly opposite trend of their mean transmission
rates, as expected. The outage probabilities of the CC user degrade with increase of τ because of
two reasons: 1) increase in the mean number of CC users sharing the same RB and 2) decrease
of the success probability of CC user. However, a similar direct trend is not visible for the CE
user with respect to τ . This is because while increasing τ decreases the mean number of CE
users, it also decreases the success probability of the typical CE user.
Now, we illustrate the transmission rate region to show the maximum achievable transmission
rates of the CC and CE users with respect to each other in Fig. 6 for NOMA and OMA systems.
As expected, the transmission rate region shrinks down with the increase of ν as it lowers the
scheduling probabilities of both the CC and CE users. We also observe that the NOMA system
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outperforms the OMA system for the larger portion of the rate region. In the OMA system, the
optimal time allocation with respect to the CC (CE) user is η = 1 (η = 0) which reduces the
transmission rate of the CE (CC) user to zero. Unlike this, in NOMA system, the optimal power
allocation with respect to the CC user is θˆ. Hence, at the point of the maximum achievable rate
of the CC user corresponding to the power allocation θˆ, the CE user gets the remaining power
1− θˆ which allows it to achieve non-zero transmission rate.
Fig. 6 (Middle) shows the achievable CSR with respect to ν under minimum transmission rate
constraints and Fig 6 (Left) shows the achievable SEC with respect to ν under minimum EC
constraints. The circular markers correspond to the proposed solution and the curves correspond
to the exact optimal solution. We observe that the maximum achievable CSR and CSR drops with
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the increase of ν for both NOMA and OMA systems. This is because the mean transmission
rates of both CC and CE users drop with the increase of ν (due to the increase of the number
of users sharing the same RB). This restricts the feasible range of θ and thus that of both CSR
and SEC. The middle figure clearly depicts that the NOMA provides better CSR as compared
to OMA. The CSR drops at a higher rate when the minimum required transmission rates are
higher as it causes the power consumption to aggressively increase with the increase in ν. Fig.
6 (Left) depicts that the NOMA provides better SEC for lower SIR threshold at higher values
of ν as compared to OMA. This is because the packet service rates of CC and CE users (thus
the SEC) are predominantly determined by their scheduling probabilities for the lower values of
SIR thresholds which are higher in NOMA as compared to OMA for a given ν.
VII. CONCLUSION
This paper has provided a comprehensive analysis of downlink two-user NOMA enabled
cellular networks for both RT and NRT services. In particular, a new 3GPP-inspired user ranking
technique has been proposed wherein the CC and CE users are paired for the non-orthogonal
transmission. To the best of our knowledge, this is the first stochastic geometry-based approach
to analyze downlink NOMA using a 3GPP-inspired user ranking scheme that depends upon both
the link qualities from the serving and dominant interfering BSs. Unlike the ranking techniques
used in the literature, the proposed technique ranks users accurately with distinct link qualities
which is vital to obtain performance gains in NOMA. For the proposed user ranking, we first
derive the moments and approximate distributions of the meta distributions for the CC and CE
users. Next, we obtain the distributions of their transmission rates and mean delays under random
scheduling which are then used to characterize CSR for NRT service and SEC for RT service,
respectively. Using these results, we investigate two RA techniques with objectives to maximize
CSR and SEC. The numerical results demonstrated that NOMA along with the proposed user
ranking technique results in a significantly higher CSR and improved transmission rate region
for the CC and CE users as compared to OMA. In addition, our results showed that NOMA
provides improved SEC as compared to OMA for the higher user density. The natural extension
of this work is to analyze the N-user downlink NOMA in cellular networks. Besides, one could
also employ the proposed way of user partitioning to analyze the transmission schemes relying
on the partition of users based on their perceived link qualities, such as SFR.
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APPENDIX
A. Proof of Lemma 1
Using (8) and the definitions of Ψcc and Ψce given in (2), it is easy to see that a uniformly
distributed user in the typical cell Vo is the typical CC user if Ro ≤ τRd and the typical CE
user if Ro > τRd. Therefore, the probability that the typical user is the CC user becomes
P [Ro ≤ Rdτ ] = (2πρλ)
2
∫ ∞
0
∫ rdτ
0
rord exp(−πλρr
2
d)drodrd = τ
2.
and thus the probability that the typical user is the CE user becomes 1− τ 2. Now, using Eq. (8)
and P[Ro ≤ Rdτ ] = τ
2, we obtain the CDF of Ro for the CC user as F
c
Ro
(ro) =
P[Ro ≤ ro|Ro < Rdτ ] =
(2πρλ)2
τ 2
ro∫
0
∞∫
u
τ
uv exp(−πρλv2)dvdu = 1− exp
(
−πρλr2o/τ
2
)
, (42)
for ro ≥ 0. Using Ro ≤ Rdτ , we obtain the CDF of Rd of CC user as
F cRd|Ro (rd | ro) = P[Rd ≤ rd | Rd > ro/τ ] = 1− exp
(
−πρλ
(
r2d − r
2
o/τ
2
))
, (43)
for rd ≥
ro
τ
. Therefore, the joint pdf of Ro and Rd for the CC user given in (11) directly follows
using the Bayes’ theorem along with (42) and (43). Similarly, using (8) and P[Ro > Rdτ ] =
1− τ 2, we obtain the CDF of Ro for the CE user as
F eRo(ro) = P[Ro ≤ ro | Ro > Rdτ ] =
(2πρλ)2
1− τ 2
∫ ro
0
∫ u
τ
u
uv exp(−πρλv2)dvdu
= 1−
exp (−πρλr2o)
1− τ 2
[
1− τ 2 exp
(
−πρλr2o(τ
−2 − 1)
)]
, (44)
for ro > 0. Now, the conditional CDF of Rd given Ro for the CE user can be determined as
F eRd|Ro(rd | ro) = P
[
Rd ≤ rd | Rd <
ro
τ
]
=
P[Rd ≤ rd]
P[Rd <
ro
τ
]
=
1− exp (−πρλ(r2d − r
2
o))
1− exp (−πρλr2o(τ
−2 − 1))
, (45)
for ro < rd <
ro
τ
and F e
Rd|Ro
(rd | ro) = 1 for rd ≥
ro
τ
. Finally, the joint pdf of Ro and Rd for the
CE given in Eq. (14) directly follows using the Bayes’ theorem and Equations (44) and (45).
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B. Proof of Theorem 1
The success probability of the CC user at y ∈ Vo conditioned on y = Ro and Φ is
pc(χc | y,Φ) = P (Ec | y,Φ)
(a)
=
∏
x∈Φ
1
1 +Rαoχc‖x‖
−α
,
where step (a) follows from the independence of the fading gains. Let xd = argminx∈Φ ‖x‖ and
Φ˜ = Φ \ {xd}. Then, the b-th moment of conditional success probability becomes
M cb (χc) = ERo,Φ

 1
(1 + χc(Ro/Rd)α)b
∏
x∈Φ˜
1
(1 +Rαoχc‖x‖
−α)b


= ERo,Rd

 1
(1 + χc(Ro/Rd)α)b
EΦ˜

∏
x∈Φ˜
1
(1 +Rαoχc‖x‖
−α)b
| xd




(a)
= ERo,Rd
[
1
(1 + χc(Ro/Rd)α)b
exp
(
−λ
∫
R2\By(Rd)
[
1− (1 +Rαoχc‖x‖
−α)−b
]
dx
)]
= ERo,Rd
[
1
(1 + χc(Ro/Rd)α)b
exp
(
−πλR2oZ˜b (χc, Ro/Rd)
)]
,
where Z˜b (χc, a) = χ
δ
c
∫∞
χ−δc a−2
[1− (1+ t−
1
δ )−b]dt, and step (a) follows by approximating Φ˜ with
the homogeneous PPP with density λ outside of the disk By (Rd) and the probability generating
functional (PGFL) of the PPP. Now, using the joint pdf of Ro and Rd for the CC user given in
(11), we get
M cb (χc) =
(2πρλ)2
τ 2
∫ ∞
0
rd exp(−πρλr
2
d)
∫ τrd
0
exp
(
−πλr2oZ˜b (χc, ro/rd)
)
(1 + χc(ro/rd)α)b
rodrodrd
(a)
=
2(πρλ)2
τ 2
∫ τ2
0
1
(1 + χcv
1
δ )b
∫ ∞
0
r3d exp
(
−πλr2d
[
ρ+ Z˜b
(
χc, v
1
2
)])
drddv,
where step (a) follows using the substitution (ro/rd)
α = v
1
δ and the exchange of the integral
orders. Further, solving the inner integral givesM cb (χc) as in (17) such that Z(χc, v) = Z˜(χc, v
1
2 ).
Following similar steps and using the joint pdf of Ro and Rd given in (14), the b-th moment of
the conditional success probability for the CE user can be obtained as
Meb (χe) =
(2πρλ)2
1− τ 2
∫ ∞
0
rd exp(−πρλr
2
d)
∫ rd
τrd
exp
(
−πλr2oZ˜b (χe, ro/rd)
)
(1 + χe(ro/rd)α)b
rodrodrd
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=
2(πρλ)2
1− τ 2
∫ 1
τ2
1
(1 + χev
1
δ )b
∫ ∞
0
r3d exp
(
−πλr2d
[
ρ+ vZ˜b
(
χe, v
1
2
)])
drddv,
Finally, solving the inner integral gives Meb (χe) as in (17) where Z(χe, v) = Z˜(χe, v
1
2 ).
C. Proof of Lemma 2
The n-th moment of the area of a random set A ⊂ R2 can be obtained as [52]
E[|A|n] =
∫
Rd
· · ·
∫
Rd
P[x1, . . . ,xn ∈ A]dx1 . . .dxn. (46)
Let Bx and B˜x be the disks of radii r and rτ
−1 both centered at x ≡ (r, θ) and let Ax be the
annulus formed by the two disks B˜x and Bx. By definition, the point x belongs to Voc only if
Φ(Bx) = 0 (i.e., x ∈ Vo) and Φ(Ax) = 0. Thus, we have P[x ∈ Voc] =
P[x ∈ Voc | x ∈ Vo]P[x ∈ Vo]
(a)
= exp (−λ|Ax|) exp(−λ|Bx|) = exp(−λ|B˜x|), (47)
where step (a) follows from the independence property and the void probability of the PPP.
However, the point x belongs to Voe only if Φ (Bx) = 0 and Φ (Ax) 6= 0. Thus, we have
P[x ∈ Voe] = P[x ∈ Voe | x ∈ Vo]P[x ∈ Vo]
(a)
= [1− exp (−λ|Ax) |] exp(−λ|Bx|) = exp(−λ|Bx|)− exp(−λ|B˜x|), (48)
where step (a) follows from the independence property and the void probability of the PPP. Thus,
using (46), (47) and (48), we get the mean areas of the CC and CE regions as in (21).
Similarly, the probability of {x1,x2} ∈ Voc can be directly determined as P[x1,x2 ∈ Voc] =
exp(−λ|C3|), where C3 = B˜x1 ∪ B˜x2 . Thus, using this and (46), we can easily obtain the second
moment of the area of the CC region as in (22). On the other hand, to evaluate the second
moment of area of the CE region we require the probability of {x1,x2} ∈ Voe which requires
a careful consideration of the intersection of various sets of two disks. Let d = ‖x1 − x2‖ =
(r21 + r
2
2 − 2r1r2 cos(θ1 − θ2))
1
2 . Consider the two cases as shown in Fig. 7 such that Case 1
occurs if d ≤ τ−1|r1 − r2|, while the Case 2 occurs otherwise. Now, we derive P[x1,x2 ∈ Voe]
for these cases in the following.
Case 1: In this case, {x1,x2} ∈ Voe if Φ (Co) = 0 (i.e. {x1,x2} ∈ Vo) and if
Φ (C2 \ Co) 6= 0 for r2 ≤ r1 or Φ (C1 \ Co) 6= 0 for r1 < r2,
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Case 1 Case 2a Case 2b
Figure 7. Illustration of the cases when {x1,x2} ∈ Voe given {x1,x2} ∈ Vo (i.e. Φ(Co) = 0). The blue diamonds represent
the locations {x1,x2}, whereas the red dots represent the locations of serving and dominant BSs.
where Co = Bx1 ∪ Bx2 , C1 = B˜x1 ∪ Bx2 and C2 = Bx1 ∪ B˜x2 . Fig. 7 (Left) depicts the second
condition of this case for r2 ≤ r1. Thus, we have
P[x1,x2 ∈ Vo] = exp(−λ|Co|) (49)
P[x1,x2 ∈ Voe | x1,x2 ∈ Vo] = exp (−λ(|C1| − |Co|))1r1≤r2 + exp (−λ(|C2| − |Co|))1r2<r1 . (50)
Therefore, using (49) and (50) and the independence property of the PPP, we obtain
P[x1,x2 ∈ Voe] = exp (−λ|C1|)1r1≤r2 + exp (−λ|C2|)1r2<r1 . (51)
Case 2: In this case, {x1,x2} ∈ Voe if Φ (Co) = 0 and if one of the following conditions is met:
2a) Φ (Ao) 6= 0, and 2b) Φ (C3 \ C1) 6= 0, and Φ (C3 \ C2) 6= 0,
where Ao = Ax1 ∩Ax2 . The above two cases are depicted in Fig. 7 (Middle and Right). Thus,
we have P[x1,x2 ∈ Voe | x1,x2 ∈ Vo] =
[1− exp(−λ|Ao|)] + exp(−λ|Ao|)[1− exp(−λ|C3 \ C1|)][1− exp(−λ|C3 \ C2|)] (52)
We have |Ao| + |Co| = |C1| + |C2| − |C3|. Therefore, using (49) and (52) and the independence
property of the PPP, we obtain
P[x1,x2 ∈ Voe] = [exp(−λ|Co|)− exp(−λ(|C1|+ |C2| − |C3|))]
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+ [exp(−λ(|C2| − |C3|))− 1][exp(−λ|C1|)− exp(−λ|C3|)]. (53)
Now, we derive the areas of Co, C1, C2, and C3. Let U(z1, z2, u) be the area of the union of two
circles of radii z1 and z2 with the angular separation of u between their centers w.r.t. their intersec-
tion points. Thus, U(z1, z2, u) can be easily obtained as given in Lemma 2. Without loss of gen-
erality, we set θ2 = 0 and 0 ≤ θ1 < π. The two disks in Co, C1, C2 and C3 intersect (if they interest
at all) at angles uo = θ1, u1 = arccos
(
(τ−1 − τ) r12r2 + τ cos(θ1)
)
, u2 = arccos
(
(τ−1 − τ) r22r1 + τ cos(θ1)
)
and u3 = arccos
(
(1 − τ2)
r
2
1
+r2
2
2r1r2
+ τ2 cos(θ1)
)
, respectively. The evaluation of |C3| is required only for
Case 2 wherein B˜x1 and B˜x2 alway intersect. Thus, by definition, we have |Co| = U(r1, r2, uo)
and |C3| = U (r1τ
−1, r2τ
−1, u3). However, B˜x1 and Bx2 (Bx1 and B˜x2) intersect only if
r1
τ
< d+r2
( r2
τ
< d+ r1), otherwise Bx2 ⊂ B˜x1 (Bx1 ⊂ B˜x2). Thus, we get
|C1| =


U
(
r1τ
−1, r2, u1
)
, if r1τ
−1 < d+ r2,
πr21τ
−2, otherwise,
and |C2| =


U
(
r1, r2τ
−1, u2
)
, if r2τ
−1 < d+ r1,
πr22τ
−2, otherwise.
Finally, substituting above expressions in (51) and (53), and then integrating (51) over domain
{d ≤ τ−1|r1− r2|} (i.e., Case 1) and (53) over domain {d > τ
−1|r1− r2|} (i.e., Case 2), we get
the second moment of the area of the CE region as in (22).
D. Proof of Theorem 2
We first derive the mean transmission rate of the typical CC user at y ∼ U(Vo) as below
R¯c(χc) = Ey,Φ
[
1
Noc
log2(1 + βc)E [1Ec(SIRcc, SIRce) | y,Φ]
]
(a)
= log2(1 + βc)E|Voc|
[
∞∑
n=1
1
n
P(Noc = n | |Voc|)
]
Ey,Φ [pc(βc, βe | y,Φ)]
= log2(1 + βc)
∞∑
n=1
1
n
P(Noc = n)Ey,Φ [pc(βc, βe | y,Φ)] ,
where step (a) follows using Assumption 1. From the definition of the meta distribution, we
have Ey,Φ[pc(βc, βe | Φ)] = M
c
1(χc, 1) for qc = qe = 1. Hence, using the distribution of CC load
given in (24), we obtained R¯c(χc) as in (27). Similarly, using the distribution of CE load given
in (25), we obtained the mean transmission rate R¯e(χe) of the typical CE user as in (27). Now,
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we obtain the distribution of the conditional transmission rate of the typical CC user as
Rc(rc;χc) = P
[
pc(βc, βe | y,Φ) ≤ rcNoc log2(1 + βc)
−1
]
(a)
= ENoc
[
P
[
pc(βc, βe | y,Φ) ≤ rcNoc log2(1 + βc)
−1 | Noc
]]
(b)
= ENoc
[
I
(
min
(
rcNoc log2(1 + βc)
−1, 1
)
; κ1c, κ2c
)]
where step (a) follows using Assumption 1, and step (b) follows using the beta approximation of
the meta distribution of the success probability (see (20)). Similarly, we obtain the distribution
of the conditional transmission rate of the typical CE user as in (29).
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